Abstract-A convolutionally encoded noncoherent -ary Frequency Shift Keying (MFSK) modulation scheme with diversity reception is considered. Soft metrics for Soft Decision Decoding (SDD) of noncoherent MFSK are derived assuming Rician channel model. Furthermore, the convergence behavior of the MFSK receiver is investigated using EXtrinsic Information Transfer (EXIT) charts. It has been demonstrated that the derived expressions for soft information are useful allowing SDD of the MFSK scheme exploiting diversity and the EXIT chart analysis provides useful insights into its iterative decoding behavior.
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I. INTRODUCTION

N
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-ary Frequency Shift Keying (MFSK) is a useful modulation technique since it does not require channel estimation. This characteristic lends simplicity to the receiver and also results in attractive performance in fast fading channels [1] . Moreover, by employing diversity combining at the receiver, not only multipath fading encountered in wireless channels may be combatted but also useful diversity gain may be achieved. Hence, noncoherent MFSK with diversity reception has attracted a lot of attention in the context of wireless communication [2] , [3] . Fast frequency hopping may be deemed as a special case of MFSK with diversity [4] .
Soft Decision Decoding (SDD) of noncoherent MFSK has also been investigated and useful metrics for computing soft information from the received signal have been proposed [5] - [10] . The concept of extrinsic information exchange between an -ary orthogonal demodulator and a Soft-In-Soft-Out (SISO) decoder has been investigated in [11] , [12] . In [12] , [13] , further insights have been provided with the aid of EXtrinsic Information Transfer (EXIT) chart analysis. In the open literature, little attention has been devoted to the investigation of SISO decoding in noncoherent MFSK-based schemes exploiting diversity reception. The reasons for this trend might be the difficulty of deriving soft metrics from the -dimensional signal received through diverse paths as well as the challenge of the subsequent exploitation of the soft information forwarded by the SISO decoder to the MFSK demodulator.
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In [14] , we derived the expressions for soft information for the sake of SDD of MFSK with diversity reception, when the wireless channel may be modeled by either Rayleigh distribution or Nakagami-distribution. This contribution is an extended journal version of the work published in [14] . Specifically, in this contribution, we derive simplified but optimum soft metrics from the received MFSK signal exploiting diversity, assuming that the faded received signal can be modeled by a Rician distribution. Moreover, we investigate the convergence behavior of the noncoherent MFSK receiver with the aid of EXIT charts.
The rest of this paper is structured as follows. In Section II, the system considered is described briefly. In Section III, the soft metrics are derived and the Iterative Decoding (ID) process is discussed. In Section IV, our EXIT chart analysis of the MFSK scheme is presented and simulated Bit Error Ratio (BER) results are discussed. Finally, in Section V, we present our conclusions.
II. SYSTEM OVERVIEW
A convolutionally encoded noncoherent MFSK modulation scheme is considered, which may be deemed as a type of Bit Interleaved Coded Modulation (BICM) scheme [13] . The data to be transmitted are first encoded by a binary nonrecursive, Non-Systematic Convolutional (NSC) [15] code before bit interleaving. Following bit interleaving, the NSC coded bits are converted to -ary symbols, using the relation:
2 , where = 0, 1, . . . , − 1 is theary symbol and denotes the bit in the th position. In the MFSK modulator, an MFSK tone is chosen for transmission corresponding to each -ary symbol [1] .
The transmitted signal is received via ≥ 1 paths whose gains are independent and uncorrelated. The channel is assumed to be a flat fading medium for each of the received path.
The receiver schematic is shown in Fig. 1 in conjunction with Fig. 2 , where the demodulator is comprised of branches, each corresponding to one MFSK tone and consisting of a bandpass filter (BPF), a square-law detector [1] as well as a diversity combiner, which performs linear or equal gain combining of the signals received in all diverse paths. Since MFSK is a noncoherent scheme, we consider the case of equal gain combining only which results in a simpler receiver structure than that required for optimum or maximal ratio combining [1] .
The signal at the input to this receiver in the th path can be expressed as where is the power of the transmitted signal, is the th MFSK tone's frequency and is the phase resulting from the joint effects of MFSK and channel. Moreover, ( ) is Additive White Gaussian Noise (AWGN) having singlesided power spectral density of 0 , while is the amplitude attenuation factor which is Rician distributed.
The decision variable recorded after diversity combining, is given by
, where represents the square-law detector's output [1] , seen in Fig. 2 , corresponding to the th tone in the th path. At the output of the diversity combiner, the corresponding symbol probabilities and Log-Likelihood Ratios (LLRs) are computed, as explained in the following section, which are then fed to the channel decoder of Fig. 1 .
Notations: In our discussions, we use the notations , for the a posteriori symbol probabilities of the MFSK demodulator. Likewise, , , , and , denote the a priori, a posteriori and extrinsic LLRs of the demodulator, while the corresponding metrics for the outer decoder are denoted by , , , and , , as seen in Fig. 1 .
III. ITERATIVE DECODING PROCESS
In this section we discuss how soft metrics are derived from the channel's output observations and how ID is carried out by exchanging Mutual Information (MI) between the demodulator and the outer decoder seen in Fig. 1 .
In order to compute the LLRs, we need the probability that the th symbol or FSK tone was transmitted, = 0, . . . ,
, which consists of the diversity combiner outputs seen in Figs. 1 and 2, is received. This probability is given by [4] , [13] ,
where (Z| ) is the conditional Probability Density Function (PDF) of the received signal vector Z, given that th tone is transmitted. Furthermore, ( ) is the a priori probability of the symbol , while (Z) = ∑ −1 =0 (Z| ) ( ) is the PDF of the received signal vector Z, which is same regardless of the value of . Moreover, for equiprobable symbols, we have ( ) = 1/ . Hence, the PDF (Z| ) is sufficient statistics required for marginalizing the probability , ( |Z). For independent fading of all tones, the PDF (Z| ) is given by [4] , [13] 
where ( | ) represents the PDF of the th diversity combiner output, , = 0, 1, . . . , − 1, given that the th tone is transmitted.
Derivation of Soft Metrics
The diversity combiner's output, conditioned on the received Signal-to-Noise Ratio (SNR)
, is non-central Chi-square distributed with 2 degrees of freedom [1] . Consequently, the PDF of the noise-normalized combiner output may be expressed as
while for the − 1 non-signal tones, corresponding to = 0, 1, . . . , − 1, ∕ = , we have
where
is the code rate and is the transmitted energy per bit. Moreover, in (4), −1 (.) is the modified Bessel function of the first kind of ( − 1)th order, while Γ(.) is the Gamma function [16] . As mentioned above, the amplitude attenuation factor is Rician distributed and its PDF is given by [1] 
where is the amplitude of the line-of-sight signal component and 2 is the variance of the random variable. In order to derive the unconditional PDF of , the expression given by (4) must be averaged over the PDF of , which can be derived from the PDF of . We first find the PDF of = ℎ 2 which can be easily determined from (6) , with the aid of [1] , as
where the Rician factor, which we denote by , is defined as = 2 2 2 . The Characteristic Function (CF) [1] of the PDF in (7) may be readily expressed as [1] 
Since the signals in all hops are independent and identically distributed, the CF of = ∑ −1
=0
is given by [1] 
The PDF of can be determined from the CF using the relation [1] ( ) = 1 2
By making a replacement 1/ ℎ − = , the above equation may be written in a form which is identical to the inverse Laplace relationship. Hence, we have [16] 
Consequently, using [16] and taking the inverse Laplace transform yields
From (4) and (12), we have
Using [6.633(4)] of [17] and following a few algebraic manipulations, we have
Inserting (14) and (5) into (3), and after minor simplifications, we arrive at:
Using the definition [1] of
!Γ( + +1) and ignoring the common terms as a normalization factor, the normalized PDF (Z| ) for the Rician channel may be expressed as
The summation in the above equation converges rapidly and may be computed for a moderately high number of terms, e.g. for = 0, . . . , 100. We note that for = 0 the above equation reduces to the relationship for Rayleigh model derived in [4] . We also note that by inserting = 1 in (14), we arrive at the corresponding expression for MFSK scheme dispensing with diversity. Hence, for = 1, (14) reduces to
while (16) becomes exp
) . (16) in (2) and ignoring the common terms, we can derive the corresponding normalized symbol probabilities. Finally, considering the bitsto-symbols mapping assumed in Sec. II, the bit probabilities can be derived from the symbol probabilities using the relation [11] , [18] :
Computation of LLRs Upon inserting
where ⌊ ⌋ represents the largest integer less than or equal to . Consequently, the LLRs are computed from the bit probabilities using the relation [18] , [19] , ( |Z) = log
After subtracting the a priori LLRs, the extrinsic LLRs may be fed to the decoder as seen in Fig. 1 . The decoder outputs a posteriori information, which may be fed back to the demodulator as its a priori information. In conventional ID, this exchange of soft information between the demodulator and decoder may be invoked a number of times [15] .
In the foregoing analysis, we noted that the knowledge of the received SNR is required to compute symbol probabilities from (15) . We assume in this contribution that the received SNR is accurately known at the receiver.
IV. EXIT CHART ANALYSIS AND SIMULATION RESULTS
Let us now study the MI transfer characteristics of the MFSK demodulator using EXIT curves [19] , when it is serially concatenated with an outer SISO decoder, as shown in Fig 1. We assume that the a priori information may be sufficiently accurately modeled by a Gaussian distribution, as discussed in [19] . Moreover, all MI measurements were made using the histogram-based approximation of the true distribution [19] . Furthermore, we employ a 1/2 rate NSC code with constraint length of 3 characterized by octal generator polynomial of (7, 5) and the coded bits are interleaved by a 24000-bits random interleaver .
The MI transfer characteristics of the MFSK demodulator recorded for transmission over a Rician fading channel with Rician factor of = 2 is shown in Fig. 3 for various values. As expected for MFSK [1] , the MI values are higher for larger values. This figure also demonstrates that for = 2, i.e. for binary FSK (BFSK), the EXIT curve is a horizontal line, indicating that the BFSK demodulator will yield no improvement in its output extrinsic MI upon increasing the a priori MI. Thus, no Iterative Gain (IG) is expected from the BFSK demodulator, if it is employed as depicted in Fig. 1 . By contrast, as shown in Fig. 3 , for higher values the EXIT curves emerge from a higher point on the -axis and they are also steeper. This observation indicates that a relatively higher IG is expected from the MFSK demodulator when using higher value. Since diversity gain is higher when fading is more severe, the next result is computed assuming Rician factor of = 0, which implies Rayleigh fading. In Fig. 4 , we depict the effect of diversity order on the MI in conjunction with =4 and 64. We note in this figure that not only does higher value of yields improved performance and thus higher MI, the diversity gain accrued through higher value is also higher when is high. In fact, for =4 there is no diversity gain for higher than 2, while for =64 there is gain even in the third diversity path. However, we note that in general diversity gain does not increase monotonically as diversity order increases [1] . In fact it saturates beyond a certain value of diversity order, which may be deemed as the optimum diversity order. Hence, the EXIT curve for = 2 corresponding to = 64 is significantly higher than that for = 1, but there is little difference between the curves of = 2 and 3. Consequently, in Fig. 4 , results for > 3 have not been included. Finally in Fig. 5 , the BER versus SNR-per-bit performance of the SDD scheme invoking various number of ID iterations ID between the demodulator and the outer decoder, as well as that of the Hard Decision Decoding (HDD) based scheme has been shown. The results of Fig. 5 demonstrate that the SDD scheme with ID = 0 iterations outperforms the HDD by more than 3 dB at BER= 10 −5 , validating the soft metrics derived in Sec. III. The results of this figure also demonstrate that an additional gain of about 2 dB, in case of = 32, is obtained at BER= 10 −5 by invoking ID = 2 iterations, although only a modest IG is achieved in the second iteration. Moreover, we observe that the IG achievable using = 32 is greater than that for = 4, validating the trends predicted by the EXIT chart of Fig 4. 
V. CONCLUSION
In this contribution, we have derived expressions for computing the soft information from a noncoherent MFSK de-modulator exploiting diversity, assuming Rician model of the fading channel. The derived expression is simplified and easyto-compute, although it requires the knowledge of the received SNR. The derivation of soft metrics allows us to carry out the EXIT chart analysis of the MFSK receiver and to investigate the influence of various parameters on the achievable IG. It was revealed that increasing the modulation order results not only in improved performance but greater IG in case of MFSK system. Moreover, diversity gain is also higher for higher modulation order.
